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Outline 

• Wave Equation 

– Boundary Values 

– Initial Condition 

• Separation of Variables 

• Fourier Series Analysis 
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Wave Equation (PDE) 

𝝏𝒖𝟐(𝒙, 𝒕)

𝝏𝒙𝟐
=
𝟏

𝒄𝟐
𝝏𝟐𝒖

𝝏𝒕𝟐
 

Example: Electromagnetic Waves:  

(𝛻2−
1

𝑐2
𝜕2 

𝜕𝑡2
)𝐸(𝑥, 𝑡)=0      (𝛻2−

1

𝑐2
𝜕2 

𝜕𝑡2
)𝐵(𝑥, 𝑡) =0 

Boundary Conditions (u(x,t) at certain x’s, at any t):  
𝑢(0, 𝑡)  =  0,   𝑢(𝐿, 𝑡) = 0 

Initial Conditions (u(x,t) or its derivatives at t=0, at any x):  

𝑢(𝑥, 0)  =  𝑓(𝑥)  
𝜕𝑢 𝑥,0

𝜕𝑡
=  𝑔(𝑥) 

Examples: Vibrating string with fixed ends, EM standing 
waves  



Dr. Amr Bayoumi- Fall 2015- Lec. 4 
EC760 Advanced Engineering Mathematics 

4 

Separation of Variables 

Let:           𝒖 𝒙, 𝒕 = 𝑭 𝒙  𝑮 𝒕  

𝜕2𝑢

 𝜕𝑡2
= 𝐹𝐺     ,  

𝜕2𝑢

𝜕𝑥2
= 𝐺 𝐹′′ 

 Substitute in Wave PDE:     

𝐹𝐺  = 𝑐2 𝐺 𝐹′′     →    
𝐹′′

𝐹
= 

𝐺 

𝑐2𝐺
= 𝑘 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑘= constant since 𝐹’’/𝐹 does not depend on 𝑡 , and 𝐺 /𝐺 does not 

depend on 𝑥, thus 
𝜕

𝜕𝑥
 and 

𝜕

𝜕𝑡
 of  RHS & LHS is zero 

 

𝑭" − 𝒌 𝑭 = 𝟎   , 𝑮 − 𝒄𝟐𝒌 𝑮 = 𝟎  
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Boundary Conditions:  
𝑭" − 𝒌 𝑭 = 𝟎  

For the Differential Eqn: 𝐹” =  𝑘𝐹 

𝐹 𝑥 = 𝐶1 𝑒
𝑘𝑥  + 𝐶2𝑒

− 𝑘𝑥  

Case k=0:  
𝐹 𝑥 = 𝐶1+ 𝐶2  

Using BC:  
𝐹 0 = 0 = 𝐶1+ 𝐶2 = 𝐹 𝑥 → 𝐹 𝑥 𝐺 𝑡 = 0  (Unacceptable) 

Case  k= +ve = μ2: 

𝐹 0 = 0 = 𝐶1+ 𝐶2 → 𝐹 𝑥 = 𝐶1 𝑒
𝜇𝑥 − 𝑒−𝜇𝑥  =sinh(𝜇𝑥) 

𝐹 𝐿 = 0 → sinh (μ𝐿) ≠ 0 

Since sinh θ = 0 𝑂𝑁𝐿𝑌 𝑎𝑡 θ=0 -> k cannot be positive 

Therefore: 𝑘 = −𝑣𝑒 =  −𝑝2 
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Boundary Conditions:  
𝑭" − 𝒌 𝑭 = 𝟎  

𝑘 = −𝑣𝑒 =  −𝑝2:    𝐹 𝑥 = 𝐶1𝑒
𝑗𝑝𝑥 + 𝐶2𝑒

−𝑗𝑝𝑥   

Using BC: 𝐹 0 = 0 = 𝐶1 + 𝐶2 

Using: 𝑒𝑗𝜃 = cos 𝜃+𝑗 sin𝜃 -> 𝐹 𝑥 = 2𝑗𝐶1 sin(𝑝𝑥) 

Normalizing 1 =  2𝑗𝐶1 -> 𝐹 𝑥 = sin(𝑝𝑥)  

Using BC: 𝐹 𝐿 = sin 𝑝𝐿 = 0 → 𝑝𝐿 = ±𝑛𝜋 (𝑛 = 1,2,3. . )   

𝐹𝑛 𝑥 = sin(
𝑛𝜋

𝐿
𝑥)  

Using Superposition of independent solutions of ODEs: 

𝐹 𝑥 =  𝐹𝑛 𝑥

∞

𝑛=1

=  sin(
𝑛𝜋

𝐿
𝑥)

∞

𝑛=1
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Initial Conditions & Fourier Series in PDE:  
𝑮  − 𝒄𝟐𝒌 𝑮 = 𝟎  

ODE for any n:       𝐺𝑛 + 𝑐2𝑝𝑛
2 𝐺𝑛 = 0 → 𝐺𝑛 + λ𝑛

2 𝐺𝑛 = 0 

𝜆𝑛 =  𝑐 𝑝𝑛 =  𝑐
𝑛𝜋

𝐿
  

General Solution for Gn(t) :      𝐺𝑛 𝑡 = 𝐴𝑛 cos λ𝑛𝑡 + 𝐵𝑛 sin(λ𝑛𝑡) 
Overall Soln.:  

𝑢 𝑥, 𝑡 =  𝐹𝑛 𝑥 𝐺𝑛 𝑡 =

∞

𝑛=1

 𝐴𝑛 cos λ𝑛𝑡 + 𝐵𝑛 sin 𝜆𝑛𝑡 sin (
𝑛𝜋

𝐿
𝑥)

∞

𝑛=1

 

Initial Conditions (t=0):  

𝑢 𝑥, 0 = 𝑓 𝑥 =  𝐴𝑛 cos λ𝑛0 + 𝐵𝑛 sin 𝜆𝑛0 sin (
𝑛𝜋

𝐿
𝑥)

∞

𝑛=1

  

 𝐴𝑛 sin
𝑛𝜋

𝐿
𝑥 = 𝑓(𝑥)

∞

𝑛=1

 

Using Fourier Series: 𝐴𝑛 =
2

𝐿
 𝑓 𝑥 sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿

0
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Initial Conditions & Fourier Series in PDE (2):  
𝑮  − 𝒄𝟐𝒌 𝑮 = 𝟎  

Overall Soln.:  

𝑢 𝑥, 𝑡 =  𝐹𝑛 𝑥 𝐺𝑛 𝑡 =

∞

𝑛=1

 𝐴𝑛 cos λ𝑛𝑡 + 𝐵𝑛 sin 𝜆𝑛𝑡 sin (
𝑛𝜋

𝐿
𝑥)

∞

𝑛=1

 

Initial Conditions (t=0):  
𝜕𝑢 𝑥,0

𝜕𝑡
= 𝑔(𝑥)  

 −𝐴𝑛 λ𝑛 sin λ𝑛𝑡 + 𝐵𝑛 λ𝑛 cos 𝜆𝑛𝑡 sin
𝑛𝜋

𝐿
𝑥 = 𝑔(𝑥)

∞

𝑛=1

 

 𝐵𝑛λ𝑛 sin
𝑛𝜋

𝐿
𝑥 = 𝑔(𝑥)

∞

𝑛=1

  

 

Using Fourier Series: 𝐵𝑛λ𝑛 =
2

𝐿
 𝑔 𝑥 sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿

0
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Example: Triangular Initial Condition u(x,0) 

𝑢(𝑥, 0) = 𝑓(𝑥)= 
ℎ
2𝑥

𝑎
     𝑓𝑜𝑟  0 < 𝑥 <

𝐿

2

ℎ 2 −
2𝑥

𝐿
  𝑓𝑜𝑟   

𝐿

2
< 𝑥 < 𝐿

  

𝜕𝑢 𝑥,0

𝜕𝑡
= 𝑔(𝑥) = 0 → 𝐵𝑛 = 0 

 

𝐴𝑛 =
2

𝐿
 ℎ

2𝑥

𝑎
sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿/2

0
+

2

𝐿
  ℎ 2 −

2𝑥

𝐿
sin

𝑛𝜋

𝐿
𝑥 𝑑𝑥

𝐿

𝐿/2
  

 

𝐴𝑛 =
8ℎ

𝜋2
 [sin

𝑛𝜋

2
/𝑛2]

 
 

 
Using: sin 𝐴 cos 𝐵 =

1

2
[sin 𝐴 + 𝐵 + sin(𝐴 − 𝐵)] 

𝑢 𝑥, 𝑡 =
1

2
 𝐴𝑛 sin

𝑛𝜋

𝐿
(𝑥 − 𝑐𝑡) + 𝐴𝑛 sin

𝑛𝜋

𝐿
(𝑥 + 𝑐𝑡)

∞

𝑛=1

  

Two travelling waves in opposite directions: Resulting in Standing Waves 

L 

h 

u 

L/2 0 


