Boundary Value and Initial Condition Problems
in Partial Differential Equations:

Wave Equation

Lecture 4
Dr. Amr Bayoumi

Fall 2015 7\
Advanced Engineering Mathematics (EC760)
Arab Academy for Science and Technology - Cairo



Outline

* Wave Equation

— Boundary Values

— Initial Condition
e Separation of Variables
* Fourier Series Analysis

Dr. Amr Bayoumi- Fall 2015- Lec. 4
EC760 Advanced Engineering Mathematics Y



Wave Equation (PDE)

Ju*(x,t) 10%u

dx2  c? ot?
Example: Electromagnetic Waves:
p_10° _ ) _10° '
(V 2 atZ)E(x' t)_o (V 2 atz)B('x' t) 0

Boundary Conditions (u(x,t) at certain x’s, at any t):
u(0,t) = 0, u(L, t)—O
Initial Conditions (u(xt) or its derivatives at t O at any x):
au(x O)

u(x,0) = f(x) 7 g(x)

Examples: Vibrating string with fixed ends, EM standing
waves
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Substitute in Wave PDE:

. F G
FG=c*2GF" , L= — = k = constant
F c’G

k= constant since F’ /F does not depend on t, and G /G does not
depend on x, thus — and— of RHS & LHS1szer0

)

F' —kF=0 ,6—c’kG=0
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Boundary Conditions:

F' —kF=0

For the Differential Egn: F” = kF

F(x) =C, eVkx 4 Cze_‘mx

Case k=0:

F(x) =C,+C,

Using BC:

F(0O)=0=C;+C,=F(x) » F(x)G(t) = 0 (Unacceptable)

Case k= +ve = p?: X

F(0)=0=C,+C, > F(x) = C,(et 7 e™#*) =sinh(ux)
F(L) = 0 - sinh(fiL) % 0

Since sinh(0) = 0 ONLY at 6=0 -> k cannot be positive

Therefore: k = —ve = —p?
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Boundary Conditions:

F' —kF =0
k =—ve = —p% F(x) = C,e/P* + C,e™IP*
Using BC: F(0) =0=C,+C,
Using: e/? = cos +j sinf -> F(x) = 2jC, sin(px)

Normalizing 1 = 2jC, -> F(x) = sin(px)
Using BC: F(L) = sin(pL) =0 - pL = +nn (n = 1,2,3..)
F (x) = sin(nL—nx)

Using Superposition of independent solutioris of ODEs:

o0 -

F(x) = Z F (x) = Z sin)(%x)
n=1

n=1
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Initial Conditions & Fourier Series in PDE:

G —c2kG=0
ODE foranyn: G, +¢*p,2G,=0->G,+A2G, =
Ly = cp, = cﬂ

General Solution for G (t): G, (t) = A . Ccos(At) + Bnsin(A,t)
Overall Soln.:

(00]

u(x,t) = z F,(x)G,(t) = Z [A,, cos(A,t) + Bn sin(/lnt)]sin(nTn X)

n=1

n=
Initial Conditions (t=0):

u(x,0) =f(x) = z |A, cos(A,0) + Bn sm(/l O)]sm(—x)

Z_: A, sm f (J)C)

Using Fourier Series: A, = —f f(x) sm( ) dx

9 i
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Initial Conditions & Fourier Series in PDE (2):

G —c2kG =0

Overall Soln.:

(0 0]

u(x,t) = z F,(x)G,(t) = Z A, cos(At) + Bn sin(Ant)]sin(n—ZT X)
n=1

n=1

Initial Conditions (t=0): au(x 0 _

g(x)
= nm
Z |—A, A, sin(A,t) + BnA, cos(4,t)] sin (T x) = g(x)

n=1

i B A sin (nL_n x) = g(w)
n=1 ,

Using Fourier Series: B.A, = %fOLg(x) sin (nL—n x) dx
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Example: Triangular Initial Condition u(x,0)

2 L
h== for O<x<5

,0)=f()= , °
w0 =109 h(Z—Z—x) for §<x<L -
6u{(9x0) (X)—O_)B — O h
0 L/2 L

—fL/Z h 2% sin dx + = f h(2 —25)sin (22 x) dx
L L/2 L L

a
A = ?T—}zl [sin (?) /n?]

4
r y

4

Usmg sin(A4) cos(B) == [sm(A + B) + sin(4 — B)] ,rf’,/y, )

u(x,t) = z [A sm — (x — ct)) + A) sin (— (x + ct))]

Two travelling waves in opposite directions: Resulting in Standing Waves
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