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a b s t r a c t
Periodic deformations of the viscoelastic elastomers were investigated numerically by
solving the two-dimensional elastic wave equations. In order to enhance the accuracy of
the viscoelastic material property calculations, a pseudospectral analysis method was
employed. This allowed us to exclude the use of the dynamic form factor derived from
the conventional 1D model. Based on the present 2D method, the validity of the conventional 1D form factor concept was evaluated. The present 2D method was used to calculate
the vibration response of the elastomer samples under harmonic excitation. Obtained
numerical results were compared with those using the simplest 1D model. Valid range
of the form factor was examined. Empirical formulas to correct static and dynamic form
factors for both normal deformation mode and the shear deformation mode, which are
suitable for engineering applications, are suggested.
Ó 2009 Elsevier Ltd. All rights reserved.

1. Introduction
Viscoelastic properties of polymeric materials are required in various scientiﬁc and engineering applications
such as polymer science (Ferry, 1961; Riande et al.,
2000), attenuation of sound and vibration (Tsai and Hsueh,
2001) and skin friction reduction using compliant coating
(Kulik et al., 2005). For relatively slow processes with characteristic frequencies less than 1 Hz, the materials are
characterized usually in terms of relaxation time, which
describe a transient response to the excitations on the
sample. For faster processes it is convenient to express
the such viscoelastic properties as the elasticity modulus
E, the loss tangent l and the Poisson’s ratio r as functions
of frequency.
The elasticity modulus of rubber-like materials varies in
wide range from 104 to 107 Pa. The loss tangent is deﬁned
as a phase lag of material deformation to an applied periodic load (l ¼ tan h ¼ ImE =ReE ), where E* is a complex
* Corresponding author. Tel.: +82 51 510 2764; fax: +82 51 581 3718.
E-mail address: inwon@pusan.ac.kr (I. Lee).
0167-6636/$ - see front matter Ó 2009 Elsevier Ltd. All rights reserved.
doi:10.1016/j.mechmat.2009.01.026

modules of elasticity. The rate between the energy dissipated during one period of deformation to maximum potential energy of the deformed material directly depends
on the loss tangent. The loss tangent is close to zero for
inviscid (purely elastic) materials, but it can reach quite
large value about 0.5–1 under viscous effect. Additional
signiﬁcant parameter is the Poisson’s ratio r, which is
the ratio of the lateral contraction to the elongation in an
inﬁnitesimally small uniaxial extension.
There are so many techniques to measure viscoelastic
properties of isotropic materials in frequency range 20–
200 Hz. This range is characteristic for noise and vibrations
of industrial facilities. The techniques for the frequency
range from 200 to 10 kHz was reported by several authors
(Chen and Lakes, 1989; Fitzgerald and Ferry, 1953; Madigosky and Lee, 1983). Most reported methods have drawbacks, i.e., complicated apparatus which is not easily
applicable in real practice or limited geometry. As an alternative, method based on temperature-frequency analogy of
Williams–Landel–Ferry was proposed (Ferry, 1961), which
convert the temperature dependence of E and l measured
at resonance frequency to the frequency dependence at a
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ﬁxed temperature. However, this method has essential
drawbacks, because not all materials obey this rule, furthermore, the conversion factors are a priori unknown.
Recently, relatively simple methods have been proposed
by Smith et al. (1983) and Kulik and Semenov (1986) for
wide frequency band. The measuring frequency range
depends mainly on the loading mass and sensitivity of
accelerometers that used to document the response of
the mechanical system subjected to the dynamic test.
However, this technique requires the use of a form factor,
which depends primarily on the geometrical shape of the
samples (Chen and Lakes, 1989; Riande et al., 2000). For
example, let us consider linear stationary deformation, in
which case, the measured effective elasticity modulus is
described by Hook’s law

Eeff ¼

F=S
DH=H

ð1Þ

where F is the applied force, S = pR2 and H are the area and
the height of the sample, respectively, and DH is the height
change under the applied force. As the ratio H/R increases,
Eeff tends asymptotically to a constant value E. The ratio
aE = E/Eeff is called a form factor. Similarly, in the case of
unsteady loading, one can introduce a form factor al to
correct the measured loss tangent al = l/leff. The values
of aE and al depend on the Poisson’s ratio r, and some
other sample characteristics. All dependencies are unknown a priori and have to be estimated for various sample
shapes under tests.
In the present study, an assessment of the form factor
concept has been performed. Toward this end, a series of
numerical test has been attempted based on the numerical
analysis for a two-dimensional elastic wave equation. The
numerical techniques for deformed states are well developed and summarized, for example, in Sadd (2005) and
Timoshenko and Groodier (1982). Certain difﬁculties appear in boundary conditions, which can be incompatible
to each other in corner points both under static and
dynamic loads. For large static deformations, Tsai (2005)
assumed a parabolic barreling of a sample bonded between
two rigid plates, which makes it possible to estimate the
form factor without complicated calculations. The barrel
shape and the form factor were found by Rosin (1972)
based on variational principles. However, under dynamic

forcing, the sample can change its shape in more complicated manner. In this study, a technique for numerical
calculation of the elasticity modulus E and the loss tangent
l as well as the correction factors for the form factors derived from 1D analysis for two practically important
setups.
2. Two-dimensional dynamic deformations of bonded
samples
2.1. Governing equations
Fig. 1 illustrates two kinds of viscoelastic sample shapes
under considerations, a circular cylinder with the radius R
and an annulus with the inner and the outer radii being R0
and R1. The former is to undergo tensile ocillatory deformation while the latter corresponds to shear mode. The
axial length and the mass of the sample are H and m. The
samples consist of the viscoelastic material with the modulus of elasticity E, loss tangent l and Poisson’s ratio r. The
samples are attached to the oscillating table on one side
and loaded with a mass M on the other side. The oscillating
table excites a harmonic oscillation with amplitude A0 and
frequency x. The load mass M attached on the other side of
the sample exhibits the same frequency of oscillation with
the amplitude ZA0 and the phase lag h.
The displacement of the particle in the axisymmetric
sample shapes due to the wave can be described as

~
n ¼ fðr; zÞ^ez þ gðr; zÞ^er ;
where the radial displacement g(r, z) is an odd function and
axial displacement f(r, z) is an even function of r. The
stress-strain relations are the form



Er
og g of
E og
þ
þ þ
1 þ r or
ð1  2rÞð1 þ rÞ or r oz


Er
og g of
E of
¼
þ
þ þ
1 þ r oz
ð1  2rÞð1 þ rÞ or r oz


Er
og of
¼
þ
2ð1 þ rÞ oz or

rrr ¼
rzz
rzr

The governing equation for two dimensional elastic wave
in isotropic medium (Landau and Lifschitz, 1986) takes
the form

Fig. 1. Schematic diagram of sample; (a) normal deformation mode, (b) shear deformation mode.
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o2~
n
¼ C 2t D~
nÞ;
n þ ðC 2‘  C 2t Þrðr  ~
ot 2

ð2Þ

2
lÞ
Eð1þilÞð1rÞ
m
where C 2t ¼ 2Eð1þi
qð1þrÞ ; C ‘ ¼ qð1þrÞð12rÞ ; q ¼ pR2 H.

If harmonic excitation is assumed, then Eq. (2) can be
written as

C 2l

!
!
2
2
2
og
o2 f g
2 2 o g
2o g
2 o f
þ Ct r
r gþr
þr

þ
oroz
or
or2
oz2 oroz r2

þ r2 x2 g ¼ 0;
C 2l

!
!
o2 g og o2 f
og o2 f
o2 g
2 of
r
 þr 2 r
þ þ r 2 þ Ct
oz
or oz
or
oroz oz
oroz

(a) Absence of radial displacements at bonded
surfaces

g ¼ 0 at r ¼ R0 ;
g ¼ 0 at r ¼ R1 ;
(b) Axial harmonic displacements at both radii

f ¼ A0 eixt at r ¼ R0 ;

ð13Þ

f ¼ ZA0 eiðxthÞ at r ¼ R1 ;

ð14Þ

ð3Þ

The boundary conditions for the cylindrical sample
(normal strain mode) can be written as:
(a) Absence of radial displacements at bonded
surfaces

g ¼ 0 at z ¼ 0;
g ¼ 0 at z ¼ H;

ð15Þ

rzz

ð16Þ

M

ð5Þ

f ¼ A0 eixt at z ¼ 0;

ð6Þ

f ¼ ZA0 eiðxthÞ at z ¼ H;

ð7Þ

(c) Absence of strains at the side surface (at r = R)

rrz ¼ 0 !

ð8Þ

rrr

ð9Þ

Additionally, symmetry conditions can be used along the
cylinder axis:

of
ðr ¼ 0Þ ¼ 0:
or

o2 f
M 2 ¼ 2pqC 2‘
ot

Z

R

rzz ðH; rÞrdr ! MZ x2 eiðxthÞ

0

Eð1 þ ilÞð1  rÞ
ð1 þ rÞð1  2rÞ

Z
0

R

of
ðH; rÞrdr;
oz

which equates internal stress at the upper edge with the
pressure developed by the movement of the ﬁnite load
mass M.
2.3. Boundary conditions for the annular sample
The boundary conditions for the ring sample (shear
strain mode) are as follows:

ð17Þ

Apart from the two-dimensional wave equation in the
above, one-dimensional variant needs to be analyzed separately because the major goal of the present study is to
estimate the form factor based on the one-dimensional
model. In this one-dimensional analysis, the radial deformation component is neglected and the governing equation regarding the axial deformation is solved to get Eeff
and leff as in Kulik and Semenov (1986).
The governing equation for the cylindrical sample in
Fig. 1a is given as

o2 fðy; tÞ
o2 fðy; tÞ
¼ Eeff ð1 þ ileff Þ
;
2
oz2
ot

ð18Þ

with the boundary conditions of Eqs. (6) and (7) and the
following compatibility condition

M o2 f
ofðy; tÞ
¼ Eeff ð1 þ ileff Þ
at z ¼ H:
S ot 2
oz

ð19Þ

On the other hand, for the annular sample in Fig. 1b, the
corresponding equations becomes

q
ð10Þ

Z H=2
o2 f
¼ 4pR1 qC 2t
rrr ðz; R1 Þdz ! MZ x2 eiðxthÞ
2
ot
0
Z
2pR1 Eð1 þ ilÞ H=2 of
¼
ðz; R1 Þdz:
1þr
or
0

2.4. One-dimensional model equations

q

The procedure to obtain E and l is to solve an inverse problem deﬁned by Eqs. (3)–(9). Toward this end, measured
data of the oscillation magnitude ratio Z and the phase delay h are utilized. Unique solution is obtained with the help
of the following compatibility condition

¼ 2p

Similarly with Eq. (10), the compatibility requires that the
stress at the outer edge (r = R1) be equal to the pressure
developed by the movement of the ﬁnite load mass M,

ð4Þ

(b) Axial harmonic displacements at the lower and
upper surfaces

og of
þ ¼ 0;
oz or


of
og g
¼ 0;
¼ 0 ! ð1  rÞ þ r
þ
oz
or r

rrz ¼ 0 !

2.2. Boundary conditions for the cylindrical sample

gðr ¼ 0Þ ¼ 0;

ð11Þ
ð12Þ

(c) Absence of strains at the upper and lower surfaces
(at z = H/2 and z = H/2)

þ rx2 f ¼ 0:

og of
þ ¼ 0;
oz or


og
of g
þ
¼ 0;
¼ 0 ! ð1  rÞ þ r
oz r
or
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o2 fðy; tÞ
o2 fðy; tÞ
¼
G
ð1
þ
i
l
Þ
;
eff
eff
or2
ot2

ð20Þ

with the boundary conditions of Eqs. (13) and (14) the following compatibility condition

M o2 f
ofðy; tÞ
¼ Geff ð1 þ ileff Þ
at r ¼ R1 ;
S ot 2
or

ð21Þ

where Geff is effective shear modulus. Further reductions of
Eeff(f), Geff(f) and leff(f) to obtain a correction for the form
factor applicable for a variety of E and l are described in
Section 3.
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2.5. Solution procedure
Without loss of generality, the solution technique for the
two-dimensional wave equation is described for the Eqs. (3)–
(9) in case of the cylindrical sample. To solve them numerically, a pseudospectral approximation of the wave equations
with Nz  Nr mesh points was used (Canuto et al., 1988). A
grid was set up based on Chebyshev Gauss–Lobatto knots
independently in z and r, thereby producing so-called tensor
product grid. Let the rows and columns of the (N + 1) 
(N + 1) Chebyshev spectral differentiation matrix DN be indexed from 0 to N. The entries of this matrix are given by
the following rules (Canuto et al., 1988; Trefethen, 1990)

2N2 þ 1
; ðDN ÞNN ¼ ðDN Þ00 ;
6
xj
ðDN Þjj ¼
; j ¼ 1; . . . N  1;
2ð1  x2j Þ

ðDN Þ00 ¼

ðDN Þij ¼

ci ð1Þiþj
;
c j x i  xj

i–j; i; j ¼ 1; . . . N  1;

where xk ¼ cosðkp=NÞ; k ¼ 0; 1;    ; N and


ci ¼

2 i ¼ 0 or N
1 otherwise

Due to the incompatibility of the boundary conditions in
the corner points at r ¼ R; z ¼ 0; and r ¼ R; z ¼ H, where
o f/ o z and o f/ o r can be discontinuous, the accuracy of
the calculation of the integrals in Eqs. (10) and (17) is relatively low (Grinchenko and Meleshko, 1981). However,
the corner singularities in these cases are quite weak and
a reduction of the error to an admissible value can be
achieved, e.g., by an appropriate coordinate transformation, which condense the knots at the corners (Tang and
Trummer, 1996). Toward this end, the following coordinate transformation was employed:

y¼

arctanðaxÞ
;
arctanðaÞ

which mapped the polynomial domain ½1; 1  ½1; 1
onto itself. In the numerical tests described in the next section a = 2 was used.
Then, a linear coordinate transformation mapped the
problem from the polynomial domain ½1; 1  ½1; 1 to
the physical domain ½0; H  ½R; R. Speciﬁcally, we con 
h
 
i
sider the mesh ðri ; zj Þ; ri ¼ R cos Nipr ; zj ¼ H2 cos Njpr þ 1 ;
i ¼ 0;    ; N r ; j ¼ 0;    ; N r . Let us represent the functions of
displacements g(ri, zj) and f(ri, zj) in the mesh points by
the matrices (g)i,j and (f)i,j and denote the ﬁrst discrete
z
 r ¼ DN =R and D
derivative operators in r and z as D
r
¼ 2DNz =H, respectively. For the sake of simplicity, odd integers for Nr were used in these calculations. Then, due to the
axial symmetry of the problem under consideration, we
are interested only in the solution at r e [0; R], in which
 for
 r can be reduced to the matrices D
case the matrix D
r
~
 r for the odd function g(ri, zj),
the even function f(ri, zj) and D
of which elements are given as

 Þ ¼ ðD
 r Þ þ ðD
 r Þ ; i; j ¼ 0 . . . ðN þ 1Þ=2; k ¼ N þ 1  j
ðD
r ij
ij
ik
~
 r Þ ¼ ðD
 r Þ  ðD
 r Þ ; i; j ¼ 0 . . . ðN þ 1Þ=2; k ¼ N þ 1  j
ðD
ij
ij
ik

If we reassemble the matrices g and f into the column vectors built by the columns of g and f written one by one (that
is we represent them in the lexicographic order), the directional derivative matrices may be expressed as tensorial
(Kroneker) products and become (Trefethen, 1990)

 I ;D
~  I ;
~r ¼ D
r ¼ D
D
r
z
r
z
 z;
Dz ¼ I r  D
2  I ; D
~ 2  I ;
 rr ¼ D
~ rr ¼ D
D
z
z
r
r
2
 ;
Dzz ¼ Ir  D
z

 D
~  D
 rz ¼ D
 z; D
~ rz ¼ D
 z;
D
r
r
where Iz and Ir are the unit (Nz + 1) and (Nr + 1) matrices,
respectively. Then, the original system of equations is
approximated by the following matrix equation
"

~ rr þr D
 rz
~ r Ir Iz ÞþC 2 r 2 Dzz þr2 x2
C 2‘ ðr 2 D
ðC 2‘ C 2t Þr 2 D
t
~ rz þDz Þ
 rr þ D
 r ÞþC 2 rDzz þr x2
ðC 2‘ C 2t Þðr D
C 2t ðr D
‘
 
g
¼ 0:

f

#

Boundary conditions were applied explicitly by changing
the corresponding rows in the left and right-hand sides
of the equations (Trefethen, 1990) to make inhomogeneous
problems, which are then easily solved by the left matrix
division. Final approximations of E and l were obtained
by Gauss-Newton iterations of the obtained solutions to
satisfy the compatibility condition, Eq. (10).
For the shear mode deformation, solution of Eqs. (3),
(11)–(17) are obtained similarly. It was found that as the
number of knots in each direction is increased from 12 to
20, the approximated values of E and l change less than
1% in the region of interest within estimated experimental
error in measuring the amplitudes and phase shifts of the
axial displacement (see details of real experimental setup
and measurements in Kulik et al., 2008). The calculations
were performed in MATLAB.
The solution of Eq. (18) with the boundary conditions
Eqs. (6), (7), and (19) or equivalently, Eq. (20) with the
boundary conditions Eqs. (13), (14), and (21) can be found
in an implicit form analytically (Kulik and Semenov, 1986;
Kulik et al., 2007). Let us consider for brevity only the ﬁrst
case and assume the solution to be in the following form

f ¼ FðzÞeixt :
Substituting f in Eq. (2) gives an ordinary differential
equation
2

x2 qFðzÞ ¼ Eeff ð1 þ ileff Þ

d F
;
dz2

ð22Þ

of which the solution can be written as

FðyÞ ¼ C 1 eidz þ C 2 eidz ;

ð23Þ

where

d¼x

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

q

Eeff ð1 þ ileff Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2vq
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃ
rﬃﬃﬃﬃﬃﬃﬃ u
u 1 þ l2  1
1 þ l2eff þ 17
q 6t
eff
þi
¼x
4
5:
Eeff
2ð1 þ l2eff Þ
2ð1 þ l2eff Þ

ð24Þ
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Application of the boundary condition of Eq. (6) leads to

C 1 þ C 2 ¼ a:

ð25Þ

From the boundary condition Eq. (12), the following equation is obtained



M 2
x ðC 1 eidH þ C 2 eidH Þ ¼ C 1 deidH  C 2 deidH :
S

ð26Þ

Constants C1 and C2 can be obtained by solving Eqs. (25)
and (26). Substituting C1 and C2 into Eqs. (22) and (23)
and equating z = H gives the displacement of the load mass,
which is in the form of fðHÞ ¼ ZaeiðxthÞ . By arranging the
terms, the following equation is obtained:

eih
M x2
¼ cosðdHÞ 
sinðdHÞ:
Z
SdEeff ð1 þ ileff Þ

ð27Þ

In order to make Eqs. (22) and (27) dimensionless, the
parameters

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
qx2 H2
; m ¼ qpR2 H:
C¼
Eeff ð1 þ ileff Þ
are employed. This yields an implicit equation:

eih
M
¼ cosðCÞ  iC sinðCÞ:
m
Z
which can be further reduced to

ð28Þ

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

2



M
M
 ih ¼ 1:
Z 1þ C
exp C þ i tan1 C
m
m
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ð29Þ

Taking natural logarithm of both sides yields

"

2 #


1
ZCM
M
þ C þ i tan1 C
ln Z 2 þ
 ih ¼ 0:
2
m
m

ð30Þ

Then, a solution of Eq. (30) with respect to complex variable C is easily obtained by a nonlinear equation solver.
Equations of 1D model of deformation were solved using
such algorithms of MATLAB as Levenberg-Marquardt and
Gauss Newton, both with either mixed quadratic and cubic
or only cubic polynomial interpolation and extrapolation
line search methods (Fletcher, 1980).
3. Results and discussion
3.1. Displacement diagrams
Before proceeding to the estimation of form factor, it is
worthwhile to examine two dimensional wave deformation behaviors. Fig. 2 illustrates typical examples of Z(f)
and h(f) with varying loads mass M from the numerical test
for the normal deformation mode (cylindrical sample) of
Fig. 1a. The calculations were carried out in a wide
frequency range including both the parametric resonance

Fig. 2. Response characteristics for a cylindrical sample (R = 10 mm, H = 20 mm) with varying load mass; (1) M = 2 m, (2) M = m, and (3) M = 0.5 m,
Viscoelastic material properties q = 1000 kg/m3, E = 1 MPa, l = 0.1 and r = 0.495.
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frequency fpar  H1

qﬃﬃﬃ

Em

(Smith et al., 1983) and the fundaqﬃﬃﬃ
1
E
mental resonance frequency ffund  2H
q. The former deqM

pends on the load mass M while the latter does not. As
the frequency passes each resonance frequency, the phase
experiences a gradual shift of 180°. The phase behavior in
the vicinity of the parametric resonance depends signiﬁcantly on M, but at higher frequencies is essentially independent of it.
The displacements can be separated by amplitude and
phase factors as

h

i

g ¼ g0 ðr; zÞ exp ixt þ /g ðr; zÞ ;
f ¼ f0 ðr; zÞ exp ixt þ /f ðr; zÞ :

ð31Þ

Corresponding diagrams of displacement amplitudes and
phases for the case with M = 5.41 g are shown in Figs. 3
and 4 for frequencies fpar and ffund, respectively. In both
cases in accordance with the boundary conditions, the radial displacement is absent along the axis of the cylinder
(r = 0) and at lower and upper edges. At parametric resonance (Fig. 3), the radial displacement shows barrel-like
shape reaching maximum value about g0,max  4a in the
middle of H at the cylinder side surface. The phase of the
radial displacement is independent of r and z and equal
to 90°. The axial displacement grows monotonously from
the lower to upper surface reaching f0,max  11a. Amplitudes and phases of f are virtually independent of r. Upper
part of the sample oscillates with 90° lag with respect to
the lower part of the sample.

For the fundamental resonance in Fig. 4, the radial
displacement shows two humps, whose amplitudes reach
maximums at the outer surface. The displacements at the
humps oscillate in antiphase indicating the presence of a
standing wave. Axial displacement reaches maximum
approximately at z = H/2 along the centerline of the
sample. Its phase experience abrupt jumps at z  0 and
zH .
General conclusion which can be drawn from Figs. 3
and 4 is that there should be a limit of quasistationary
consideration of the sample barreling in the sense of
works (Sadd, 2005; Timoshenko and Groodier, 1982)
somewhere between the frequencies fpar and ffund. Above
this limit, there hardly exists a way to introduce a more
or less universal form factor which is useful for engineering applications. In what follows we outline this frequency limit and will offer a frequency correction for
f < ffund or h < 140°.
3.2. Form factor frequency correction
In the present study, the form factor was calculated
using the procedure in Eq. (32). For E, l and other parameters are assumed to be independent of frequency as
shown in Tables 1 and 2. The dependencies Z(f) and h(f)
were calculated using two-dimensional model described
in Sections 2.1–2.3. Then, the estimation Eeff(f) and leff(f)
corresponding to Z(f), h(f) and sample parameters were calculated back using one-dimensional inverse problem in
Section 2.4.

Fig. 3. Distribution of 2D deformation wave at parametric resonance frequency f = fpar; (a) amplitude of radial deformation g0, (b) amplitude of axial
deformation f0, (c) phase of radial deformation ug, (d) phase of axial deformation uf.
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Fig. 4. Distribution of 2D deformation wave at fundamental resonance frequency f = ffund; (a) amplitude of radial deformation g0, (b) amplitude of axial
deformation f0, (c) phase of radial deformation ug, (d) phase of axial deformation uf.

E

l

2Dmodel

!

Zðf Þ
hðf Þ

1Dmodel

!

Eeff ðf Þ

The frequency correction factor K(f) is searched in connection with the following relation

ð32Þ

leff ðf Þ

Typical curves of the form factors aE and al for the range
0° < h < 140° are shown in Fig. 5 for several sets of the governing parameters. As seen, one-dimensional results overestimate E and underestimate l. Meanwhile, the frequency
behavior of the curves looks quite similar. Therefore, one
can expect a frequency correction factor which depends
on a single similarity variable.

aE ðf Þ ¼

E
E Eeff ð0Þ
Eeff ð0Þ aE ð0Þ
;
¼
¼ aE ð0Þ
¼
Eeff ðf Þ Eeff ð0Þ Eeff ðf Þ
Eeff ðf Þ
Kðf Þ

where aE(0) corresponds to the static form factor. This is
because the static form factor is readily obtainable from
simple analysis, which is shown in the Appendix. The frequency correction factor K(f) and the form factor for loss

Table 1
Parameters of the samples for calculation of the form factor in normal mode.
E (MPa)

g

r

H (cm)

R/H

q (g/cm3)

0.5,1, 2
1
1
1
1
1

0.3
0.1, 0.3, 0.5
0.3
0.3
0.3
0.3

0.495
0.495
0.30, 0.40, 0.45, 0.495
0.495
0.495
0.495

1
1
1
0.5,1.0,1.5,2.0,3.0
1
1

1
1
1
1
1/4,1/3,1/2,1,2,3,4
1

1
1
1
1
1
1/8,1/4,1/2, 1,2,4,8

Table 2
Parameters of the samples for calculation of the form factor in shear mode.
E (MPa)

g

r

R0/H

R1/R0

H (cm)

q (g/cm3)

0.5,1, 2
1
1
1
1
1
1

0.3
0.1,0.3, 0.5
0.3
0.3
0.3
0.3
0.3

0.495
0.495
0.30, 0.40, 0.45,0.495
0.495
0.495
0.495
0.495

1
1
1
1/4, 1/3, 1/2, 1, 2, 3, 4
1
1
1

1
1
1
1
1.25, 1.5, 2, 3, 5
1
1

1
1
1
1
1
0.5, 1.0, 1.5, 2, 3
1

1
1
1
1
1
1
1/8, 1/4, 1/2, 1, 2, 4, 8
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Fig. 5. Typical calculation result for the form factors for E = 0.5, 1.0, 2.0 MPa, l = 0.3, r = 0.495, R =10 mm, H = 20 mm; (a) aE(f)
leff(f).

tangent for the whole 24 cases listed in Table 1 are plotted
in Fig. 6. In the present study, normalization of the frequency has been attempted in terms of a generalized frequency deﬁned as

F stress ¼

f
ffund

rﬃﬃﬃﬃ
R
1r H

r

ffund

1
¼
2H

sﬃﬃﬃﬃ!
E

q

:

ð33Þ

E/Eeff(f), (b) al(f)

l/

As seen, the collapse between different cases encompassing wide range of parameters E, q, r, H, R/H is remarkably
good. The curves of K(Fstress) and al(Fstress) are virtually the
same up to h = 90° and for the range 90° < h < 140° the scatter between the curves does not exceed 5%.
It is notable that ffund depends again on E, which is a priori unknown in real practice, if we use one-dimensional

Fig. 6. Correction curves for E and l versus generalized frequency (normal deformation mode).
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calculation model. In this case, Eeff can be used instead to
approximate ffund and appropriate iteration procedures
are to al ðF stress Þ ¼ 1 þ 1:8F 2stress be applied to improve the
correction factors. We suggest the following empirical formulas of engineering interest, which approximate K(Fstress)
and al(Fstress);

KðF stress Þ ¼ 1  1:2F 2stress :

ð34Þ

al ðF stress Þ ¼ 1 þ 1:8F 2stress

ð35Þ

The form factors for the case of dynamical shear deformation (Fig. 1b) aG and al were determined similarly. The
parameters used for one- and two-dimensional calculations are listed in Table 2. These parameters are the same
as those for the case of normal deformation plus those supplemented by the ratio R1/R0 in the range from 1.25 to 5.0.
Fig. 7(a and b) demonstrates the results for in total of 28
parameter combinations. The results are presented in
Fig. 7 against the frequency parameter F shear ¼ f f . Interestfund
ingly enough, the form factors for the shear mode are close
to 1 for all frequencies under consideration and do not depend on Poisson’s ratio and geometrical parameters of a
sample.
The above results were obtained for a low frequency
range near the parametric resonance frequency – the ﬁrst
maximum in the amplitude–frequency characteristic for
the sample deformation, where phase changes from 0° to
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180° (as shown in Fig. 2). Separate numerical tests showed
similar behaviors of the form factors near the second resonance, where phases change from 180° to 360°.
4. Conclusions
Periodic axial as well as radial deformations of the cylinder and the annulus samples loaded by different masses,
which are excited at frequency lower than the natural resonance (h < 180 ), were investigated numerically by twodimensional elastic wave equation. Obtained results were
compared with those using the simplest one-dimensional
model. It is shown that the dynamic form factor aE(f) differ
from the static analog aE(0) only slightly. Dynamic form
factor al(f) is also introduced. Empirical formulas of
engineering interest for the correction factors K(f) and
al(f) are proposed in connection with generalized frequency. This is toward a correction of the simplest onedimensional estimate of viscoelastic properties with an
acceptable degree of accuracy in a wide parameter combination. The applicability range of the present method is
also outlined. It is shown that in the setup for the shear
measurements inﬂuence of sample dimensions can be disregarded for f/ffund < 0.4. The static form factor aE(0) was
calculated using two-dimensional model of cylinder sample deformation and Hooke’s law when the ratio of thickness to diameter changed from 0.1 to 10 and Poisson’s

Fig. 7. Correction curves for G and l versus generalized frequency (shear deformation mode).
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Fig. 8. Static form factor for Poisson’s ratios: 0.2 (s), 0.3 (h), 0.4 (e), 0.499 () obtained by the numerical calculations (solid lines) and by an analytic
technique (Rosin, 1972) (dashed lines).

ratio was varied from 0.2 to 0.499. For precise measurements in very wide region of experimental parameters it
is necessary to use the 2D model of calculation of viscoelastic properties described in this paper.
Acknowledgements

Then, the static form factor is given by the ratio a = E/Eeff .
Fig. 8 shows the form factors obtained by the numerical
technique of present study and using an analytical formula

1
r R
a ¼ 1  K tanh ; K ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
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obtained by a variational method for r  0.5 (Rosin, 1972).
This indicates that at r  0.5 the numerical calculations
provide form factor values close to those obtained analytically, while at smaller Poisson’s ratios the analytical predictions underestimate a especially at H/D < 1 .

Appendix A. Calculation of static form factor
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